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It is shown that the n-body problem in a d-dimensional space has no C’- 
extendable regular integrals if n > d + 1. 
1. INTRODUCTION AND RESULTS 
It is well known that the spatial n-body problem has ten classical integrals 
(center of mass, linear momentum, angular momentum and energy) and the 
elimination of nodes of Jacobi (some symmetry). Several attempts have been 
made to discover other integrals. Bruns (1887) proved that there cannot be 
any integral that is algebraic with respect to the coordinates and momenta, 
other than the classical integrals. Poincark (1889) further proved that there 
cannot be any integral that is uniform with respect to the Keplerian elements, 
other than the classical integrals. Painlevi: (1896-1898) extended Bruns’ 
theorem to the case in which the integral contains algebraically the 
momentum only, while the coordinates are left arbitrary, for more details see 
[61. We shall prove that the spatial rz-body problem cannot be any C’- 
integral of a special kind (Cl-extendable regular integral), other than the 
classical ones and the elimination of nodes of Jacobi, if n > 4 (see 
Theorem A and Corollary B, for more details). 
We consider n particles of positive masses m, ,...: m,, moving in the space 
Rd subject to Newton’s gravitational law. i.e., the n-body problem in d- 
dimensional space. We are primarily interested in physical spaces where 
d = 1, 2, 3, but we will analyze all positive values of d. The configuration 
space of the n-body problem in d-dimensional space with the center of mass 
at the origin is the (n - l)d-dimensidnal manifold M - LI where 
M= (x = (x, ,..., s,) E (Rd)“: x mixi = O}, 
A=U {A+ l<i<j<n) 
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and 
A, = (x E (Rd)“: xi = Xj}. 
We have removed collisions A from the system. 
The potential energy U: A4 - A --t R is the function defined by 
V(x)= c mimj 
I<iLTjj(r* Il”i-xjII ’ 
Note that A is the set of singularities of V. Here (] (] denotes the Euclidean 
norm in Rd. The kinetic energy in tangent formulation is 
where (x, v) E TM z (A4 - A) X M. The energy E: TM -+ R is the function 
given by 
E(x, u) = K(x, ~1) - U(x). 
The kinetic energy in cotangent formulation is 
where (x, y) E T*Mz (M-A) x M. The Hamiltonian of the n-body 
problem in d-dimensional space H: T*M+ R is given by 
H(x, y) = K*(x, y) - U(x). 
The equations of motion are 
i=H),=A-‘y 7 
j = - H, = grad U(x), 
where A is the matrix diag (m,,.!., m, ,..., m,,.d, m,) and grad is taken with 
respect to the usual Euclidean metric on (lid)“. These equations represent the 
well-known Newton ones for the n-body problem in d-dimensional space. 
We consider the n-body problem in d-dimensional space as a mechanical 
system with a symmetry (see [ 1 l] and [ 11) given by the Lie group 
G = SO(d) (of d x d orthogonal matrices with determinant l), where SO(l) 
is the identity. 
If d > 1 the angular momentum J: T*M z TM-t r* is defined by 
J(x, v) = i mixi A vi, 
i=l 
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where r* z Rm with m = (i) denotes the dual space of the Lie algebra of 
G = SO(d), for more details see [ 1 l] and [ 11. In fact, r is the Lie algebra of 
the d X d real skew-symmetric matrices. 
The following invariant sets (by the flow) will be used in the sequel: 
Ih = ((x, u) E TM : E(x, tl) = h 1, 
I,,,=I,n{(x,L’)ETM:J(x,v)=cJ, 
Ih.0 = Ih.c=O- 
The special orthogonal group SO(d) acts naturally on Rd and hence on A/r 
by means of the diagonal action g . (xl ,..., xn) = (g . x, ,..., g . xn). leaving A, 
U and K invariant. Therefore the induced action on (M-A) x M given by 
g . (x, V) = (g . x, g . v) leaves invariant the energy E. The angular 
momentum J is equivariant with respect to the actions of G on (44 -A) x M 
and R”, i.e., J(g . x, g . u) = g . J(x, a). Then for c E R” the isotropy group 
cc = {g E SO(d) : g. c = c) acts on I,,, and we can define the quotient set 
I,,, = I,,,/G, (in general it is not a manifold, see Section 3). For c = 0 one 
gets easily G, = SO(d) and I,., = I,JSO(d). Hence, going from I,,, to f,,, 
we reduce the dimension by (:), if d > 1. 
We shall work (this is a key point) with a system obtained by regularizing 
the n-body problem using a technique of McGehee [S] where the singularity 
of total collision is blown up and in its place is glued an invariant total 
collision manifold. We summarize the changes of variable and resulting 
equations (see [8] and [5]). 
The changes 
r = (X’AX) ‘I*, 
s = xr- I, 
L’ = x’y)‘- I,‘*, 
ld =A-‘J’).‘!* - vs, 
dt = r312dz 
put the equations of motion in the form 
u’ = 4 u2 + U’AU - V(s), 
s’=u, 
U’ = - $UU - (u’Au)s + grad V(s), 
(1) 
(2) 
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where ’ = d/dz and V is the restriction of the potential U to S given by 
s’As = 1. The energy integral becomes 
$/Au + +I’ - V(s) - rh = 0. 
Now the flow given by system (2) may be regarded as a vector field 
without singularities on (r, u, s? u) E [0, co) X R X T(S -A) = Z, where 
T(S -d) denotes the tangent bundle of S -A. In particular, this flow leaves 
invariant the boundary r = 0, the so-called total collision manifold. 
For a Cl-function of manifolds g: X -+ Y a point J’ E Y is called a regular 
value for g if dgX: T.J+ T,,Y is surjective at every point x such that 
g(s) =y. Here, TJ denotes the tangent space to X at x. We shall say that 
the map g is regular if all the values for g are regular. If g is regular and JJ is 
any value of g, then the preimage g-‘(v) is a submanifold of X, with 
dimg-‘(Y)=dimX--dim Y. 
A Cl-function f: Z + R will be an extendable regular integral of the n- 
body problem in d-dimensional space with n > 3 if 
(1) {f, H} = 0, where { , ) denotes the Poisson bracket, and 
(2) the restriction J;,,, off to any open set of any fh,c is a regular 
function. 
The second condition says that if b is a value off,,,, then &,i(b) is a 
submanifold of some open set of f,,, of codimension 1. Our definition of 
extendable regular integral generalizes to our problem the definition of 
regular second integral of a Hamiltonian vector field, given in [ 1, p. 59 11. 
Let M’ be the space (Rd)“. Note that if the n-body problem in d- 
dimensional space has a new integral F: T(M’ -A) --f R invariant by the 
diagonal action of SO(d) such that F with the classical integrals (center of 
mass, linear momentum, angular momentum and energy) are in involution 
with linearly independent gradients and F can be extended to the total 
collision manifold, then F is a extendable regular integral. Note that we do 
not say anything about the existence of integrals F: T(M’ -A) + R which 
cannot be extended to the total collision manifold. 
Our main result is the following. 
THEOREM A. The rz-body problem in a d-dimerzsional space has no exten- 
dable regular integrals if n > d + 1. 
From this theorem it follows immediately. 
COROLLARY B. (i) For n > 3 the collinear and planar n-body problem 
has no extendable regular integrals. 
(ii) For n > 4 the spatial n-body problem has no extendable regular 
integrals. 
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The proof of Theorem A is given in Section 3 and it uses essentially the 
Yact that some homothetic solutions of the n-body problem can be considered 
as transversal heteroclinic orbits of a dynamical system connecting two 
hyperbolic fixed points, see Section 2. 
2. TRANSVERSAL HOMOTHETIC ORBITS 
By configuration we understand the simultaneous position of the n-bodies. 
A configuration is called central [ 121 if the acceleration of any one pf the 
bodies is proportional to its position with respect to the center of mass and 
the constant of proportionality is idependent of the bodies. The set of central 
configurations is invariant under the group of similitudes. Two central 
configurations are equivalent if there is a similitude that maps the one into 
the other. There is only one class of equivalence if n = 2. For n = 3 there are 
three classes if d= 1. Otherwise, there are five classes. It is an open question 
whether the number of classes is finite when II > 3. For more details and 
motivation see [ I 11. 
A solution of the n-body problem such that the passage from the 
configuration at time t, to the configuration at any time t (for which the 
solution exists) is a homothecy is called a hornothetic solution or homotfietic 
orbit. The configuration corresponding to a homothetic orbit is central at 
every time when it exists. Such orbits begin in a total ejection, i.e., there is 
some time I, such that as t 1 t, all bodies tend to the same point. They end in 
a total collision, i.e., there is a time fC > t, such that ail bodies tend to the 
same point as t T t,. The time t, - t, depends on the total energy h. which 
must be negative. 
In this section we give, essentially, the characterization of “transversal” 
homothetic solutions of the n-body problem in d-dimensional space shown in 
[3] and [7]. Following Devaney [4,5] we consider the homothetic solutions 
as heteroclinic orbits of the dynamical system (2) connecting two hyperbolic 
fixed points. 
The vector field (2) is of gradient type on the total collision manifold. The 
equilibrium points of (2) are on the total collision manifold and for them 
u=o,s=s and n = + (ZV(s,))‘!“, where s, is a class of central 
configuratik or, equivalently, a critical point of P (see [ 111 j, where P is the 
restriction of V to (S --d)/SO(d). The + sign in u is associated to total 
ejections and the - sign to total collisions. 
Thus, to each class of central configuration s, we may associate a pair of 
equilibrium points, which we denote by s: and SF. For each h < 0 there is a 
homothetic orbit connecting s,’ to SC. We denote this homothetic orbit by 
>l,,(s,). Since the equilibrium points s,’ and s; are hyperbolic in Fh,,, (see 
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Proposition I), the orbit y,,(s,) can be seen as a heteroclinic orbit. In fact, the 
homothetic orbit associated with the critical point s, of v is given by 
V(%> 
r=-hcosh2[(V(s,)/2)“%] 
u = - (2V(s,))“*tanh[(V(s,)/2)“*z], 
s=sc, 
u = 0, 
with r E R. The real time between ejection and collision 1, - t, is given by 
2-"w(s,)(-h)-3'*. 
We denote by W”(s~) and Ws(s~) the unstable and stable invariant 
manifold of the hyperbolic point s: , respectively. It is clear that y,,(sJ c 
IV”(s,‘)f? w”(s;). Let ind(s,) be the index of critical point s, of v, i.e., the 
number of negative eigenvalues of D2&sC), the Hessian of the restricted 
potential I? A class of central configuration s, will be called degenerate 
(nondegenerate) when D*T(s,) is so (or not). The dimensions of the 
invariant manifolds w”,“(s,‘) in the ambient space fh,O are given in the 
following Proposition. 
PROPOSITION 1. Let s, be a nondegenerate class of central configuration 
of the n-body problem in d-dimensional space. Then the dimensions of 
wU(s,‘) and W”(s;) are the same and equal to (n - 1)d - (3 - ind(s,) in 
L.0. The dimensions of W’(s:) and W”(s,) are the same and equal to 
(n - I)d - ($ + ind(s,) - 1 in Ih,,. The dimension of f,I,, is 
(212 - d - 1)d - 1. Ifd = 1 then we take (f) = 0, and ih,, is equivalent to I,. 
See Section 3 for more details about the dimension of Fh,,. 
For d= 1, this proposition was given by Devaney [4]. Moreover (see 
[ 11 I), for the collinear n-body problem each central configuration s, is given 
by a nondegenerate minimum of V on S -d, i.e., ind(s,) = 0. 
Two submanifolds M, and M, of a manifold M are said to be transuerse 
at x if x E M, f7 M, and if T,M, + T,M, = T,M. We say that M, meets M, 
transversally if either M, meets Mz transversally at x for all x E M, n Mz, 
or M, n M, is empty. 
THEOREM 2. A necessary and sufficient condition in order that the 
unstable invariant manifold of the ejection point, s,‘(W’(sz)), meets 
transversally the stable one of the collision point, s,( W”(s,)), along the 
homothetic orbit y,JsC) on fh,O with h < 0 is that the function 7 be a 
nondegenerate minimum at the point s, associated to the homothetic orbit. 
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We say that a homothetic orbit, Y,,(s,) with h < 0,is transversal if W”(s,‘) 
and W”(s;) intersect transversally along J+,(s,) on I,,,. 
We shall need the following proposition. 
PROPOSITION 3. The set of transversal homothetic orbits of the n-body 
problem in d-dimensional space is nonempty for all n > d + 1 and n > 3. 
ProoJ If d = 1 then all the classes of central configuration (Moulton 
configurations) are nondegenerate minima, see [ 111. If d = 2, Palmore [91 
gives a positive lower bound for the number of classes of central 
configuration with index = 0 (note the change of sign in the definition of the 
potential energy). For the general case the existence of classes of central 
configurations that are nondegenerate minima of p is stated by Saari in [IO, 
p. 171. Then: the proposition follows from Theorem 2. u 
From Proposition 3 it follows: 
COROLLARY 4. (i) For n > 3 the collinear and planar n-bodql problem 
has transversal homothetic orbits. 
(ii) For n > 4 the spatial n-body problem has transversal homothetic 
orbits. 
We recall that the 2-body problem in d-dimensional space is integrable. 
Then the n-body problem has interest when the number of bodies n > 3. As a 
last complement to this section we state the following proposition with two 
corollaries. 
PROPSOTION 5. A nondegenerate class of central configuration in RP 
with index zero has positive index when it is embedded in R”, with q > p. 
The proof of this proposition follows from the outline of the proof given 
by Saari in [lo, p. 171. 
COROLLARY 6. The spatial 3-body problem has no transversal 
homothetic orbits. 
ProoJ: It is known that for the planar or spatial 3-body problem, v has 
exactly five critical points (two equilateral configurations or Lagrange 
configurations and three collinear configurations or Euler configurations), 
see [ 12 1. Furthermore, for the planar 3-body problem the Lagrange 
configurations are nondegenerate minima (index zero) of p and the three 
Euler configurations are nondegenerate saddle points (index one), see, for 
example, [ 11. Therefore, the planar 3-body problem has two transversal 
homothetic orbits. Then, by Proposition 5, the spatial 3-body problem is 
such that its v has the five critical points with positive index. 4 
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COROLLARY 7. The ?I-body problem in d-dimensional space with d > 1 
has no transversal homothetic orbits associated to classes of central 
conj?gurations contained in a (d - 1 )-dimensional linear subspace. 
The proof follows immediately from Proposition 5. 
3. THE INVARIANT SET I,., FOR h (0 
If d= 1 then I,,, is equivalent to Ih. For d = 2 we have the following 
result due to Smale [ 111. 
PROPOSITION 8. In the planar n-body problem we have that I,,, g 
(~2"-3-qXR2n-3 and fh,, z (CP”-’ -d> X R 2n-3, for h < 0. 
In what follows we assume that d > 2. 
For a E R” with m = (f) and x E M we write Ax for (Ax, ,..., AX,,), where 
A is the following skew-symmetric matrix associated to the vector a, 
Let H be an inner product on M given by H(x, v) = f Ci=, mixi . vi, where 
xi . vi is the Euclidean inner product on Rd. Also we denote by x . v the 
Euclidean inner product on M. Then, from Proposition 4.7 of [ 111, we have 
that J(x, v) . a = 2H(v, Ax) (the angular momentum given by Proposition 4.7 
is $J and this accounts for the factor 2 in the above formula). For each 
x E M - d we consider the linear map J,: M + R” defined by J.Y(v) = J(x, v) 
for all u E M. 
PROPOSITION 9. If n > d > 3, x = (x, ,..., x,)EM-A and J,:M+R” 
with m = (;‘) is not surjective, then the dimension of the linear subspace of Rd 
generated by x, ,..., x,~ is less than d. 
ProoJ Since J, is not surjective there is a vector a E R” - (0) 
orthogonal to the subspace Im J,, that is, J,(v) . a =J(x, v) . a = 
2H(t4 Ax) = C;= 1 mivi . Axi = 0, for all u E M. Taking v = Ax we get 
Asi = 0, for i = l,..., n. Since A is not the zero matrix, the lemma follows. m 
For d = 3, Cabral [2] proved that the dimension of the linear subspace 
generated by x, ,..., x, is exactly one, that is, X~ ,..., x,~ are collinear. 
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We denote by /1 the set of points s of M - A satisfying that J,: M -+ R”’ is 
not surjective. li is a closed set. We remark that for the planar n-body 
problem the A consists of the single point 0 of h4 (see [ 11 I). 
We identify M - A with R + x (S - d) by means of the diffeomorphism 
x --) (r, s) (see (l)), and we write (r, s, u) for the points of R ’ X (S - A) x M. 
It is clear that we have 
Ih.0 = ((r, s, u) : u E J;’ (O), K(rs, 0) = h + U(n)\, 
because Jr;’ (0) = J;’ (0). 
Let p: R + x (S -d) x M--t S -A be the natural projection defined by 
p(r, s, L1) = s. Since h + .V(rs) = h + U(s)/v > 0 if r is sufficiently small 
(always h < 0), we have that p(l,.,) = S -A. If (r, s, ~7) E I,,,, since + rr= , 
mi)lcil12 = h t U(S)/ r, r can be determined from (s, 0). Therefore, it is clear 
that Lo is homeomorphic with the set 
and the topology of this set is the relative topology with respect to the 
topology of (S -A) X M. If s &II, then it follows that J.;‘(O) z R” with 
q=(,z- l)d-(t). While J;‘(0)sRRf with t > m if s E A. Then, if n > 3: 
I,,, is not a manifold. In short we have proved the following proposition. 
PROPOSIIION 10. If n > 3 and d > 3, then the invariant set I,,, is not a 
manifold but it contains the manifold [(S - A) - A ] x Rq with 
q=(n- l)d-(:), and SZS(‘-‘)~~‘. In fact, Ih.O is homeomorphic to the 
set 
Proof of Theorem A. Now suppose d > 2. Let y,,(s,j be a transversal 
homothetic orbit of the n-body problem given by Proposition 3. From 
Corollary 7 and Propositions 8, 9 and 10, it follows that Y,,(s,) is contained 
in the manifold 
N= {[(S-A)-A] x Rq}/SO(d)rf~zqO, 
where dimN=(2n-d- l)d- 1. 
We assume that there is an extendable regular integral f: Z-J R. Let 7 be 
the restriction off to the manifold N and let b be the value off on the orbit 
y,, (sJ. Since f is an extendable regular integral, f-‘(b) is a submanifold of h: 
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of codimension 1. Since-y,@,) c FV”(sz) n w”(s;), we have that wU(s,+) U
w”(s;) is contained in f -l(b). Let q be a point of y,,(s,), then 
T,W”(s,+)+ T,w”(sc)=T,NcT,J-‘(b), 
because Y,,(s,) is a transversal homothetic orbit on N. This implies that 
dim 7-l (b) > dim N, and this is a contradiction. 
The proof of the theorem follows in a similar way for d = 1. We note that 
in this case I,,, is equivalent o Ih. I 
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